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Abstract

Stochastic uni�cation-based grammars
(SUBGs)de�ne exponentialdistributions
over theparsesgeneratedby auni�cation-
based grammar (UBG). Existing algo-
rithms for parsingandestimationrequire
the enumerationof all of the parsesof a
stringin orderto determinethemostlikely
one, or in order to calculatethe statis-
tics neededto estimatea grammarfrom
a training corpus. This paperdescribesa
graph-baseddynamicprogrammingalgo-
rithm for calculatingthesestatisticsfrom
the packed UBG parserepresentationsof
Maxwell and Kaplan (1995) which does
not requireenumeratingall parses.Like
many graphicalalgorithms,the dynamic
programmingalgorithm's complexity is
worst-caseexponential,but is oftenpoly-
nomial. The key observation is that by
usingMaxwell andKaplanpacked repre-
sentations,the requiredstatisticscan be
rewritten aseitherthe max or the sumof
a product of functions. This is exactly
the kind of problemwhich canbe solved
by dynamicprogrammingover graphical
models.

� We would like to thank Eugene Charniak, Miyao
Yusuke,Mark Steedmanaswell asStefanRiezlerandtheteam
at PARC; naturallyall errorsremainourown. This researchwas
supportedby NSFawardsDMS 0074276andITR IIS 0085940.

1 Intr oduction

StochasticUni�cation-Based Grammars(SUBGs)
uselog-linearmodels(alsoknown asexponentialor
MaxEntmodelsandMarkov RandomFields)to de-
�ne probabilitydistributionsovertheparsesof auni-
�cation grammar. Thesegrammarscanincorporate
virtually all kinds of linguistically importantcon-
straints (including non-local and non-context-free
constraints),and are equippedwith a statistically
soundframework for estimationandlearning.

Abney (1997) pointedout that the non-context-
freedependenciesof a uni�cation grammarrequire
stochasticmodels more general than Probabilis-
tic Context-Free Grammars(PCFGs)and Markov
BranchingProcesses,andproposedthe useof log-
linear modelsfor de�ning probability distributions
over the parsesof a uni�cation grammar. Un-
fortunately, the maximumlikelihoodestimatorAb-
ney proposedfor SUBGsseemscomputationallyin-
tractablesinceit requiresstatisticsthat dependon
the setof all parsesof all stringsgeneratedby the
grammar. This setis in�nite (soexhaustive enumer-
ationis impossible)andpresumablyhasaverycom-
plex structure(sosamplingestimatesmight take an
extremelylong time to converge).

Johnsonetal. (1999) observed that parsingand
relatedtasksonly requireconditionaldistributions
over parsesgiven strings,andthatsuchconditional
distributionsareconsiderablyeasierto estimatethan
joint distributions of stringsand their parses.The
conditionalmaximumlikelihoodestimatorproposed
by Johnsonet al. requiresstatisticsthat dependon
thesetof all parsesof thestringsin thetrainingcor-



pus. For mostlinguistically realisticgrammarsthis
set is �nite, and for moderatesizedgrammarsand
training corporathis estimationprocedureis quite
feasible.

However, our recentexperimentsinvolve training
from the Wall StreetJournalPennTree-bank,and
repeatedlyenumeratingtheparsesof its 50,000sen-
tencesis quite time-consuming. Mattersare only
madeworsebecausewe have moved someof the
constraintsin thegrammarfromtheuni�cation com-
ponentto thestochasticcomponent.This broadens
the coverageof the grammar, but at the expenseof
massively expandingthenumberof possibleparses
of eachsentence.

In the mid-1990suni�cation-basedparserswere
developedthatdonotenumerateall parsesof astring
but insteadmanipulateand return a “packed” rep-
resentationof the set of parses. This paper de-
scribeshow to �nd the most probableparseand
the statisticsrequiredfor estimatinga SUBG from
the packed parseset representationsproposedby
Maxwell III andKaplan(1995). This makesit pos-
sible to avoid explicitly enumeratingthe parsesof
thestringsin thetrainingcorpus.

The methodsproposedhere are analoguesof
the well-known dynamicprogrammingalgorithms
for ProbabilisticContext-FreeGrammars(PCFGs);
speci�cally the Viterbi algorithm for �nding the
most probableparseof a string, and the Inside-
Outsidealgorithmfor estimatinga PCFGfrom un-
parsedtrainingdata.1 In fact,becauseMaxwell and
Kaplanpackedrepresentationsarejust Truth Main-
tenanceSystem(TMS) representations(Forbus and
deKleer, 1993),thestatisticaltechniquesdescribed
hereshouldextendto non-linguisticapplicationsof
TMSsaswell.

Dynamic programming techniques have
been applied to log-linear models before.
Lafferty et al. (2001) mention that dynamic
programmingcanbe usedto computethe statistics
required for conditional estimation of log-linear
models based on context-free grammars where
the propertiescan include arbitrary functions of
the input string. Miyao andTsujii (2002) (which

1However, becausewe use conditional estimation, also
known asdiscriminative training,we requireat leastsomedis-
criminating informationaboutthe correctparseof a string in
orderto estimatea stochasticuni�cation grammar.

appearedafterthispaperwasaccepted)is theclosest
relatedwork weknow of. They describeatechnique
for calculatingthe statisticsrequiredto estimatea
log-linear parsingmodel with non-localproperties
from packedfeatureforests.

The rest of this paper is structuredas follows.
The next section describesuni�cation grammars
and Maxwell and Kaplan packed representation.
The following section reviews stochasticuni�ca-
tion grammars(Abney, 1997) and the statistical
quantitiesrequired for ef�ciently estimatingsuch
grammarsfrom parsedtrainingdata(Johnsonet al.,
1999). The �nal substantive sectionof this paper
shows how thesequantitiescanbe de�ned directly
in termsof the Maxwell andKaplanpacked repre-
sentations.

Thenotationusedin thispaperis asfollows. Vari-
ablesarewrittenin uppercaseitalic, e.g.,X ; Y , etc.,
the setsthey rangeover are written in script, e.g.,
X ; Y, etc.,while speci�c valuesarewritten in lower
caseitalic, e.g.,x; y, etc.In thecaseof vector-valued
entities,subscriptsindicateparticularcomponents.

2 Maxwell and Kaplan packed
representations

This sectioncharacterisesthe propertiesof uni�ca-
tion grammarsandtheMaxwell andKaplanpacked
parserepresentationsthatwill beimportantfor what
follows. This characterisationomits many details
about uni�cation grammarsand the algorithm by
which the packed representationsareactuallycon-
structed;seeMaxwell III andKaplan(1995) for de-
tails.

A parsegeneratedby a uni�cation grammaris a
�nite subsetof asetF of features.Featuresareparse
fragments,e.g., chartedgesor arcsfrom attribute-
valuestructures,outof whichthepackedrepresenta-
tionsareconstructed.For thispaperit doesnotmat-
ter exactly what featuresare,but they areintended
to be theatomicentitiesmanipulatedby a dynamic
programmingparsingalgorithm.A grammarde�nes
a set
 of well-formedor grammaticalparses.Each
parse! 2 
 is associatedwith a string of words
Y(! ) called its yield. Note that except for trivial
grammarsF and
 arein�nite.

If y is a string,thenlet 
( y) = f ! 2 
 jY (! ) =
yg andF (y) =

S
! 2 
( y) f f 2 ! g. That is, 
( y) is



thesetof parsesof a stringy andF (y) is thesetof
featuresappearingin the parsesof y. In the gram-
marsof interesthere
( y) andhencealsoF (y) are
�nite.

Maxwell andKaplan's packedrepresentationsof-
ten provide a more compactrepresentationof the
setof parsesof a sentencethanwould be obtained
by merely listing eachparseseparately. The intu-
ition behindthesepackedrepresentationsis that for
moststringsy, many of the featuresin F (y) occur
in many of the parses
( y). This is often the case
in naturallanguage,sincethesamesubstructurecan
appearasa componentof many differentparses.

Packed feature representationsare de�ned in
termsof conditionson thevaluesassignedto a vec-
tor of variablesX . Thesevariableshave no direct
linguistic interpretation;rather, eachdifferent as-
signmentof valuesto thesevariablesidenti�es a set
of featureswhich constitutesone of the parsesin
the packed representation.A conditiona on X is
a function from X to f 0; 1g. While for uniformity
we write conditionsasfunctionson the entirevec-
tor X , in practiceMaxwell andKaplan's approach
producesconditionswhosevaluedependsonly on a
few of thevariablesin X , andtheef�ciency of the
algorithmsdescribedheredependson this.

A packedrepresentationof a �nite setof parsesis
aquadrupleR = (F 0; X ; N ; � ), where:

� F 0 � F (y) is a �nite setof features,

� X is a �nite vector of variables, whereeach
variableX ` rangesover the�nite setX` ,

� N is a �nite setof conditionson X calledthe
no-goods,2 and

� � is a function thatmapseachfeaturef 2 F 0

to acondition� f onX .

A vectorof valuesx satis�estheno-goodsN iff
N (x) = 1, whereN (x) =

Q
� 2 N � (x). Eachx

thatsatis�estheno-goodsidenti�es a parse! (x) =
f f 2 F 0j� f (x) = 1g, i.e., ! is the setof features
whoseconditionsaresatis�edby x. Werequirethat
eachparsebeidenti�ed by auniquevaluesatisfying

2The name“no-good” comesfrom theTMS literature,and
wasusedby Maxwell andKaplan.However, heretheno-goods
actuallyidentify thegoodvariableassignments.

theno-goods.Thatis, werequirethat:

8x; x0 2 X if N (x) = N (x0) = 1 and

! (x) = ! (x0) then x = x0 (1)

Finally, a packed representationR representsthe
set of parses
( R) that are identi�ed by values
that satisfythe no-goods,i.e., 
( R) = f ! (x)jx 2
X ; N (x) = 1g:

Maxwell III andKaplan(1995) describesa pars-
ing algorithm for uni�cation-basedgrammarsthat
takes as input a string y and returnsa packed rep-
resentationR suchthat 
( R) = 
( y), i.e., R rep-
resentsthesetof parsesof thestringy. TheSUBG
parsingandestimationalgorithmsdescribedin this
paperuseMaxwell andKaplan's parsingalgorithm
asa subroutine.

3 StochasticUni�cation-Based Grammars

This section reviews the probabilistic framework
used in SUBGs, and describesthe statisticsthat
must be calculatedin order to estimatethe pa-
rametersof a SUBG from parsedtraining data.
For a more detailed exposition and descriptions
of regularizationand other important details, see
Johnsonetal. (1999).

Theprobabilitydistributionoverparsesis de�ned
in terms of a �nite vector g = (g1; : : : ; gm ) of
properties.A property is a real-valuedfunction of
parses
 . Johnsonet al. (1999) placedno restric-
tionson whatfunctionscouldbeproperties,permit-
ting propertiesto encodearbitrary global informa-
tion abouta parse.However, thedynamicprogram-
mingalgorithmspresentedhererequiretheinforma-
tion encodedin propertiesto belocalwith respectto
the featuresF usedin thepacked parserepresenta-
tion. Speci�cally, we requirethatpropertiesbe de-
�ned onfeaturesratherthanparses,i.e.,eachfeature
f 2 F is associatedwith a�nite vectorof realvalues
(g1(f ); : : : ; gm (f )) which de�ne thepropertyfunc-
tionsfor parsesasfollows:

gk (! ) =
X

f 2 !

gk (f ); for k = 1: : : m: (2)

That is, the propertyvaluesof a parsearethe sum
of the propertyvaluesof its features. In the usual
case,somefeatureswill beassociatedwith a single
property(i.e.,gk (f ) is equalto 1 for aspeci�c value



of k and0 otherwise),andotherfeatureswill beas-
sociatedwith no propertiesatall (i.e.,g(f ) = 0).

This requirespropertiesbe very local with re-
spectto features,which meansthat we give up the
ability to de�ne propertiesarbitrarily. Note how-
ever that we can still encodeessentiallyarbitrary
linguistic information in propertiesby addingspe-
cialisedfeaturesto theunderlyinguni�cation gram-
mar. For example,supposewe wanta propertythat
indicateswhethertheparsecontainsa reducedrela-
tive clausesheadedby a pastparticiple(such“gar-
den path” constructionsare grammaticalbut often
almostincomprehensible,andalternative parsesnot
includingsuchconstructionswouldprobablybepre-
ferred). Under the currentde�nition of properties,
we canintroducesucha propertyby modifying the
underlyinguni�cation grammarto produceacertain
“diacritic” featurein aparsejustin casetheparseac-
tually containstheappropriatereducedrelative con-
struction. Thus,while propertiesarerequiredto be
local relative to features,we canusethe ability of
theunderlyinguni�cation grammarto encodeessen-
tially arbitrarynon-localinformation in featuresto
introducepropertiesthat also encodenon-localin-
formation.

A StochasticUni�cation-Based Grammar is a
triple (U;g; � ), whereU is a uni�cation grammar
that de�nes a set 
 of parsesas describedabove,
g = (g1; : : : ; gm ) is avectorof propertyfunctionsas
just described,and� = (� 1; : : : ; � m ) is a vectorof
non-negative real-valuedparameterscalledproperty
weights. TheprobabilityP� (! ) of aparse! 2 
 is:

P� (! ) =
W� (! )

Z �
; where:

W� (! ) =
mY

j =1

� gj (! )
j ; and

Z � =
X

! 02 


W� (! 0)

Intuitively, if gj (! ) is thenumberof timesthatprop-
erty j occursin ! then� j is the`weight' or `cost' of
eachoccurrenceof propertyj andZ � is a normal-
isingconstantthatensuresthattheprobabilityof all
parsessumsto 1.

Now we discussthecalculationof several impor-
tant quantitiesfor SUBGs. In eachcasewe show
that the quantitycanbe expressedasthevaluethat

maximisesa productof functionsor elseasthesum
of a productof functions,eachof which depends
on a small subsetof thevariablesX . Thesearethe
kindsof quantitiesfor whichdynamicprogramming
graphicalmodelalgorithmshave beendeveloped.

3.1 The mostprobableparse

In parsingapplicationsit is importantto be ableto
extract the mostprobable(or MAP) parse!̂ (y) of
stringy with respectto aSUBG.This parseis:

!̂ (y) = argmax
! 2 
( y)

W� (! )

Givenapackedrepresentation(F 0; X ; N ; � ) for the
parses
( y), let x̂(y) be the x that identi�es !̂ (y).
SinceW� (!̂ (y)) > 0, it canbeshown that:

x̂(y) = argmax
x2X

N (x)
mY

j =1

� gj (! (x))
j

= argmax
x2X

N (x)
mY

j =1

�
P

f 2 ! ( x )
gj (f )

j

= argmax
x2X

N (x)
mY

j =1

�
P

f 2F 0 � f (x)gj (f )

j

= argmax
x2X

N (x)
mY

j =1

Y

f 2F 0

�
� f (x)gj (f )
j

= argmax
x2X

N (x)
Y

f 2F 0

0

@
mY

j =1

� gj (f )
j

1

A

� f (x)

= argmax
x2X

Y

� 2 N

� (x)
Y

f 2F 0

h� ;f (x) (3)

whereh� ;f (x) =
Q m

j =1 � gj (f )
j if � f (x) = 1 and

h� ;f (x) = 1 if � f (x) = 0. Note that h� ;f (x) de-
pendsonexactlythesamevariablesin X as� f does.
As (3) makesclear, �nding x̂(y) involvesmaximis-
ing a productof functionswhereeachfunction de-
pendson a subsetof thevariablesX . As explained
below, this is exactly thekind of maximisationthat
canbesolvedusinggraphicalmodeltechniques.

3.2 Conditional lik elihood

We now turn to the estimation of the property
weights� from atrainingcorpusof parseddataD =
(! 1; : : : ; ! n ). As explainedin Johnsonetal. (1999),
onewayto dothis is to �nd the� thatmaximisesthe



conditionallikelihoodof the trainingcorpusparses
giventheiryields. (Johnsonetal. actuallymaximise
conditionallikelihood regularizedwith a Gaussian
prior, but for simplicity we ignorethishere).If yi is
theyield of theparse! i , theconditionallikelihood
of theparsesgiventheir yieldsis:

L D (� ) =
nY

i =1

W� (! i )
Z � (
( yi ))

where
( y) is thesetof parseswith yield y and:

Z � (S) =
X

! 2 S

W� (! ):

Thenthemaximumconditionallikelihoodestimate
�̂ of � is �̂ = argmax� L D (� ).

Now calculatingW� (! i ) posesno computational
problems,but since
( yi ) (the setof parsesfor yi )
canbelarge,calculatingZ � (
( yi )) by enumerating
each! 2 
( yi ) canbecomputationallyexpensive.

However, thereis analternativemethodfor calcu-
latingZ � (
( yi )) thatdoesnot involve thisenumera-
tion. As notedabove,for eachyield yi ; i = 1; : : : ; n,
Maxwell's parsingalgorithmreturnsa packed fea-
turestructureR i thatrepresentstheparsesof yi , i.e.,

( yi ) = 
( Ri ). A derivationparallelto theonefor
(3) shows thatfor R = (F 0; X ; N ; � ):

Z � (
( R)) =
X

x2X

Y

� 2 N

� (x)
Y

f 2F 0

h� ;f (x) (4)

(This derivation relieson the isomorphismbetween
parsesandvariableassignmentsin (1)). It turnsout
that this type of sum can also be calculatedusing
graphicalmodeltechniques.

3.3 Conditional Expectations

In general,iterative numericalproceduresare re-
quiredto �nd thepropertyweights� thatmaximise
the conditionallikelihoodL D (� ). While thereare
a numberof different techniquesthat canbe used,
all of theef�cient techniquesrequirethecalculation
of conditionalexpectationsE � [gk jyi ] for eachprop-
erty gk andeachsentenceyi in the trainingcorpus,
where:

E � [gjy] =
X

! 2 
( y)

g(! )P � (! jy)

=

P
! 2 
( y) g(! )W� (! )

Z � (
( y))

For example,the ConjugateGradientalgorithm,
which wasusedby Johnsonet al., requiresthe cal-
culation not just of L D (� ) but also its derivatives
@L D (� )=@� k . It is straight-forwardto show:

@L D (� )
@� k

=
L D (� )

� k

nX

i =1

(gk (! i ) � E � [gk jyi ]) :

We have just describedthe calculationof L D (� ),
so if we cancalculateE � [gk jyi ] thenwe cancalcu-
latethepartialderivativesrequiredby theConjugate
Gradientalgorithmaswell.

Again, let R = (F 0; X ; N ; � ) bea packed repre-
sentationsuchthat 
( R) = 
( yi ). First, notethat
(2) impliesthat:

E � [gk jyi ] =
X

f 2F 0

gk (f ) P(f ! : f 2 ! gjyi ):

Note that P(f ! : f 2 ! gjyi ) involves the sumof
weightsover all x 2 X subjectto the conditions
that N (x) = 1 and� f (x) = 1. ThusP(f ! : f 2
! gjyi ) canalsobe expressedin a form that is easy
to evaluateusinggraphicaltechniques.

Z � (
( R))P � (f ! : f 2 ! gjyi )

=
X

x2X

� f (x)
Y

� 2 N

� (x)
Y

f 02F 0

h� ;f 0(x) (5)

4 Graphical model calculations

In this sectionwe brie�y review graphicalmodel
algorithmsfor maximisingand summingproducts
of functionsof the kind presentedabove. It turns
out that the algorithmfor maximisationis a gener-
alisationof the Viterbi algorithm for HMMs, and
the algorithm for computingthe summationin (5)
is a generalisationof the forward-backward algo-
rithm for HMMs (Smyth et al., 1997). Viewed
abstractly, thesealgorithmssimplify theseexpres-
sionsby moving commonfactorsover the max or
sum operatorsrespectively. Thesetechniquesare
now relatively standard;the most well-known ap-
proachinvolves junction trees(Pearl,1988; Cow-
ell, 1999). We adopt the approachapproachde-
scribedby GemanandKochanek(2000), which is
a straightforward generalizationof HMM dynamic
programmingwith minimal assumptionsand pro-
grammingoverhead.However, in principle any of



the graphicalmodel computationalalgorithmscan
beused.

Thequantities(3), (4) and(5) involve maximisa-
tion or summationover a productof functions,each
of which dependsonly on thevaluesof a subsetof
the variablesX . Therearedynamicprogramming
algorithmsfor calculatingall of thesequantities,but
for reasonsof spacewe only describeanalgorithm
for �nding themaximumvalueof aproductof func-
tions. Thesegraphalgorithmsareratherinvolved.
It may be easierto follow if one readsExample1
beforeor in parallelwith thede�nitions below.

To explain thealgorithmweusethefollowing no-
tation. If x and x0 are both vectorsof length m
thenx = j x0 if f x andx0 disagreeon at mosttheir
j th components,i.e., xk = x0

k for k = 1; : : : ; j �
1; j + 1; : : : m. If f is a function whosedomain
is X , we saythat f dependson thesetof variables
d(f ) = f X j j9x; x0 2 X ; x = j x0; f (x) 6= f (x0)g.
Thatis, X j 2 d(f ) iff changingthevalueof X j can
changethevalueof f .

Thealgorithmrelieson thefact thatthevariables
in X = (X 1; : : : ; X n ) are ordered(e.g., X 1 pre-
cedesX 2, etc.), andwhile the algorithmis correct
for any variableordering, its ef�ciency may vary
dramaticallydependingontheorderingasdescribed
below. Let H be any set of functionswhosedo-
mainsareX . We partition H into disjoint subsets
H 1; : : : ; H n+1 , whereH j is thesubsetof H thatde-
pendon X j but do not dependon any variablesor-
deredbeforeX j , andH n+1 is thesubsetof H thatdo
notdependonany variablesatall (i.e., they arecon-
stants).3 That is, H j = f H 2 H jX j 2 d(H ); 8i <
j X i 62d(H )g andH n+1 = f H 2 H jd(H ) = ;g .

As explainedin section3.1,thereis asetof func-
tionsA suchthatthequantitieswe needto calculate
have thegeneralform:

M max = max
x2X

Y

A2A

A(x) (6)

x̂ = argmax
x2X

Y

A2A

A(x): (7)

M max is themaximumvalueof theproductexpres-
sionwhile x̂ is thevalueof thevariablesatwhichthe
maximumoccurs.In a SUBGparsingapplicationx̂
identi�es theMAP parse.

3Strictly speakingthis doesnot necessarilyde�ne a parti-
tion, assomeof thesubsetsH j maybeempty.

Theproceduredependsontwo sequencesof func-
tions M i ; i = 1; : : : ; n + 1 and Vi ; i = 1; : : : ; n.
Informally, M i is the maximumvalue attainedby
thesubsetof thefunctionsA thatdependon oneof
the variablesX 1; : : : ; X i , andVi givesinformation
aboutthevalueof X i at which this maximumis at-
tained.

To simplify notationwe write thesefunctionsas
functionsof the entiresetof variablesX , but usu-
ally dependon a muchsmallersetof variables.The
M i are real valued,while eachVi rangesover X i .
Let M = f M 1; : : : ; M ng. Recall that the setsof
functionsA andM canbebothbepartitionedinto
disjoint subsetsA1; : : : ; A n+1 andM 1; : : : ; M n+1

respectively on the basisof the variableseachA i

and M i dependon. The de�nition of the M i and
Vi ; i = 1; : : : ; n is asfollows:

M i (x) = max
x02X

s:t : x0= i x

Y

A2A i

A(x0)
Y

M 2M i

M (x0) (8)

Vi (x) = argmax
x02X

s:t : x0= i x

Y

A2A i

A(x0)
Y

M 2M i

M (x0)

M n+1 receivesa specialde�nition, sincethereis no
variableX n+1 .

M n+1 =

0

@
Y

A2A n +1

A

1

A

0

@
Y

M 2M n +1

M

1

A (9)

Thede�nition of M i in (8) maylook circular(since
M appearsin the right-handside),but in fact it is
not. First, note that M i dependsonly on variables
orderedafterX i , so if M j 2 M i thenj < i . More
speci�cally,

d(M i ) =

0

@
[

A2A i

d(A) [
[

M 2M i

d(M )

1

A n f X i g:

Thus we can compute the M i in the order
M 1; : : : ; M n+1 , insertingM i into theappropriateset
M k , wherek > i , whenM i is computed.

We claim thatM max = M n+1 . (NotethatM n+1

andM n areconstants,sincethereareno variables
orderedafter X n ). To seethis, considerthe treeT
whosenodesarethe M i , andwhich hasa directed
edgefrom M i to M j if f M i 2 M j (i.e.,M i appears
in the right handsideof the de�nition (8) of M j ).
T hasa uniqueroot M n+1 , so thereis a pathfrom



every M i to M n+1 . Let i � j if f thereis a path
from M i to M j in this tree.Thenasimpleinduction
shows that M j is a function from d(M j ) to a max-
imisationover eachof thevariablesX i wherei � j
of

Q
i � j;A 2A i

A.
Further, it is straightforwardto show thatVi (x̂) =

x̂ i (the value x̂ assignsto X i ). By the sameargu-
mentsas above, d(Vi ) only containsvariablesor-
deredafterX i , soVn = x̂n . Thuswe canevaluate
theVi in theorderVn ; : : : ; V1 to �nd themaximising
assignment̂x.

Example1 Let X = f X 1; X 2; X 3; X 4; X 5;
X 6; X 7g and set A = f a(X 1; X 3); b(X 2; X 4);
c(X 3; X 4; X 5); d(X 4; X 5); e(X 6; X 7)g. We can
representthesharingofvariablesin A bymeansof a
undirectedgraphGA , where thenodesof GA are the
variablesX andthere is an edge in GA connecting
X i to X j iff 9A 2 A such thatbothX i ; X j 2 d(A).
GA is depictedbelow.

�
�

�
�

X 1 X 3 X 5 X 6

X 2 X 4 X 7

r r r

rr

r

r

Starting with the variable X 1, we computeM 1

andV1:

M 1(x3) = max
x12X 1

a(x1; x3)

V1(x3) = argmax
x12X 1

a(x1; x3)

Wenowproceedto thevariableX 2.

M 2(x4) = max
x22X 2

b(x2; x4)

V2(x4) = argmax
x22X 2

b(x2; x4)

SinceM 1 belongsto M 3, it appears in thede�nition
of M 3.

M 3(x4; x5) = max
x32X 3

c(x3; x4; x5)M 1(x3)

V3(x4; x5) = argmax
x32X 3

c(x3; x4; x5)M 1(x3)

Similarly, M 4 is de�nedin termsof M 2 andM 3.

M 4(x5) = max
x42X 4

d(x4; x5)M 2(x4)M 3(x4; x5)

V4(x5) = argmax
x42X 4

d(x4; x5)M 2(x4)M 3(x4; x5)

Note that M 5 is a constant,re�ecting the fact that
in GA thenodeX 5 is not connectedto anynodeor-
deredafter it.

M 5 = max
x52X 5

M 4(x5)

V5 = argmax
x52X 5

M 4(x5)

Thesecondcomponentis de�nedin thesameway:

M 6(x7) = max
x62X 6

e(x6; x7)

V6(x7) = argmax
x62X 6

e(x6; x7)

M 7 = max
x72X 7

M 6(x7)

V7 = argmax
x72X 7

M 6(x7)

Themaximumvaluefor theproductM 8 = M max is
de�nedin termsof M 5 andM 7.

M max = M 8 = M 5M 7

Finally, weevaluateV7; : : : ; V1 to �nd themaximis-
ing assignment̂x.

x̂7 = V7

x̂6 = V6(x̂7)

x̂5 = V5

x̂4 = V4(x̂5)

x̂3 = V3(x̂4; x̂5)

x̂2 = V2(x̂4)

x̂1 = V1(x̂3)

We now brie�y considerthecomputationalcom-
plexity of this process.Clearly, thenumberof steps
requiredto computeeachM i is a polynomialof or-
derjd(M i )j + 1, sinceweneedto enumerateall pos-
sible valuesfor the argumentvariablesd(M i ) and
for eachof these,maximiseover the set X i . Fur-
ther, it is easyto show thatin termsof thegraphGA ,
d(M j ) consistsof thosevariablesX k ; k > j reach-
ableby a pathstartingat X j andall of whosenodes
exceptthelastarevariablesthatprecedeX j .

Sincecomputationaleffort is boundedabove by a
polynomialof orderjd(M i )j + 1, weseekavariable
orderingthatboundsthemaximumvalueof jd(M i )j.
Unfortunately, �nding the orderingthat minimises
the maximumvalueof jd(M i )j is an NP-complete



problem.However, thereareseveralef�cient heuris-
tics thatarereputedin graphicalmodelscommunity
to producegoodvisitationschedules.It maybethat
they will performwell in theSUBGparsingapplica-
tionsaswell.

5 Conclusion

This papershows how to apply dynamicprogram-
ming methodsdeveloped for graphicalmodels to
SUBGsto �nd the mostprobableparseandto ob-
tainthestatisticsneededfor estimationdirectlyfrom
Maxwell andKaplanpacked parserepresentations.
i.e., without expandingtheseinto individual parses.
The algorithmrestson the observation thatso long
asfeaturesarelocal to the parsefragmentsusedin
thepackedrepresentations,thestatisticsrequiredfor
parsingand estimationare the kinds of quantities
thatdynamicprogrammingalgorithmsfor graphical
modelscanperform.SinceneitherMaxwell andKa-
plan's packed parsingalgorithmnor theprocedures
describedheredependon thedetailsof theunderly-
ing linguistic theory, the approachshouldapply to
virtually any kind of underlyinggrammar.

Obviously, an empirical evaluationof the algo-
rithms describedhere would be extremely useful.
The algorithmsdescribedhere are exact, but be-
causewe are working with uni�cation grammars
andapparentlyarbitrarygraphicalmodelswe can-
not polynomially bound their computationalcom-
plexity. However, it seemsreasonableto expect
thatif thelinguisticdependenciesin a sentencetyp-
ically factorizeinto largely non-interactingcliques
thenthe dynamicprogrammingmethodsmay offer
dramaticcomputationalsavingscomparedto current
methodsthatenumerateall possibleparses.

It might be interesting to compare these dy-
namic programming algorithms with a standard
uni�cation-basedparser using a best-�rst search
heuristic. (To our knowledgesuchanapproachhas
not yet beenexplored,but it seemsstraightforward:
the �gure of merit could simply be the sumof the
weightsof thepropertiesof eachpartialparse's frag-
ments).Becausesuchparsersprunethesearchspace
they cannotguaranteecorrectresults,unlike theal-
gorithms proposedhere. Such a best-�rst parser
mightbeaccuratewhenparsingwith atrainedgram-
mar, but its resultsmay be poor at the beginning

of parameterweightestimationwhentheparameter
weightestimatesarethemselvesinaccurate.

Finally, it wouldbeextremelyinterestingto com-
pare these dynamic programming algorithms to
the onesdescribedby Miyao andTsujii (2002). It
seemsthat the Maxwell andKaplanpacked repre-
sentationmaypermitmorecompactrepresentations
thanthe disjunctive representationsusedby Miyao
et al., but this doesnot imply that the algorithms
proposedherearemoreef�cient. Furthertheoreti-
cal andempiricalinvestigationis required.
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