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Abstract
In Optimality-TheoreticSyntax,optimiza-
tion with unrestrictedexpressivepoweron
the side of the OT constraintsis unde-
cidable. This paperprovidesa proof for
the decidabilityof optimizationbasedon
constraintsexpressedwith referenceto lo-
cal subtrees(which is in the spirit of OT
theory). The proof builds on Kaplanand
Wedekind's (2000) constructionshowing
that LFG generationproducescontext-
freelanguages.

1 Intr oduction

Optimality-Theoretic(OT) grammarsystemsarean
interestingalternative to classicalformal grammars,
as they construethe task of learningfrom datain
a meaning-basedway: a form is de�ned as gram-
maticalif it is optimal(mostharmonic)within a set
of generationalternatives for an underlyinglogical
form. Theharmony of a candidateanalysisdepends
on a language-speci�cranking(

�
) of violablecon-

straints,thusthe learningtaskamountsto adjusting
therankingover agivensetof constraints.
(1) Candidate��� ismoreharmonicthan ��� if f it incursfewer

violations of the highest-rankingconstraint �	��

� in
which ��� and ��� differ.

The comparison-basedsetupof OT learning is
closelyrelatedto discriminative learningapproaches
in probabilisticparsing(Johnsonet al., 1999; Rie-
zler et al., 2000;Riezleret al., 2002),1 however the
comparisonof generationalternatives– ratherthan
parsingalternatives– addsthepossibilityof system-
atically learningthe basiclanguage-speci�cgram-
matical principles (which in probabilistic parsing
aretypically �x eda priori, usingeithera treebank-
derivedor amanuallywrittengrammarfor thegiven
�
This work wassupportedby a postdoctoralfellowshipof

theGermanAcademicExchangeService(DAAD).
1This is for instancepointedoutby (Johnson,1998).

language).The “basegrammar”assumedasgiven
canbehighly unrestrictedin theOT setup.Usinga
linguistically motivatedsetof constraints,learning
proceedswith a biasfor unmarked linguistic struc-
tures(cf. e.g.,(Bresnanet al., 2001)).

For computationalOT syntax,an interleaving of
candidategenerationand constraintcheckinghas
beenproposed(Kuhn, 2000). But the decidability
of theoptimizationtaskin OT syntax,i.e., theiden-
ti�cation of theoptimalcandidate(s)in apotentially
in�nite candidateset,hasnotbeenprovenyet.2

2 Undecidability for unrestricted OT

Assumethat the candidateset is characterizedby
a context-free grammar(cfg) ��� , plus one addi-
tional candidate`yes'. There are two constraints
( � � � ��� ): � � is violatedif thecandidateis neither
`yes' norastructuregeneratedby acfg � � ; � � is vi-
olatedonly by `yes'. Now, `yes' is in the language
de�ned by this systemiff thereareno structuresin
��� that arealsoin � � . But theemptinessproblem
for theintersectionof two context-free languagesis
known to be undecidable,so the optimizationtask
for unrestrictedOT is undecidabletoo.3

However, it is not in the spirit of OT to have
extremely powerful individual constraints;the ex-
planatorypowershouldratherarisefrom interaction
of simpleconstraints.

3 OT-LFG

Following (Bresnan, 2000; Kuhn, 2000; Kuhn,
2001), we de�ne a restricted OT system based
on Lexical-FunctionalGrammar (LFG) represen-
tations: c(ategory) structure/f(unctional) structure

2Most computationalOT work sofar focuseson candidates
and constraintsexpressibleas regular languages/rationalrela-
tions, basedon (Frank and Satta,1998) (e.g., (Eisner, 1997;
Karttunen,1998;GerdemannandvanNoord,2000)).

3Cf. also(Johnson,1998)for thesketchof anundecidability
argumentand(Kuhn,2001,4.2,6.3) for furtherconstructions.



pairs
���������

like
�
(4),(5)

�
. Each c-structuretree

nodeis mappedto a nodein the f-structuregraph
by the function 	 . The mappingis speci�ed by f-
annotationsin the grammarrules (below category
symbols,cf. (2)) andlexiconentries(3).4
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(5) f-structure!"""""""""#
PRED `think $ ( % SUBJ) ( % COMP) & '
TNS PAST

SUBJ ' PRED `John'
NUM SG (

COMP

!""""# PRED `see$ ( % SUBJ) ( % OBJ) & '
TNS PAST
ASP PERF

SUBJ ' PRED `Mary'
NUM SG (

OBJ ' PRED `Titanic'
NUM SG (

)+****,
)+*********,

4 � abbreviates - ��. � , i.e., thepresentcategory's - image;
�

abbreviates - �0/1. � , i.e., the f-structurecorrespondingto the
presentnode's mothercategory.

The correct f-structurefor a sentenceis the min-
imal model satisfying all properly instantiatedf-
annotations.

In OT-LFG, the universeof possiblecandidates
is de�ned by an LFG �32547682:9<; (encodinginviolable
principles,like anX-bar scheme).A particularcan-
didateset is the setGen=?> @8A�> BDCFE � 254HG – i.e., the c-/f-
structurepairsin �I2+476F259<; , which have the input

� 2+4
astheir f-structure.Constraintsareexpressedaslo-
cal con�gurationsin the c-/f-structurepairs. They
have oneof thefollowing implicationalforms:5

(6) J KML J �K �
where JONPJO� aredescriptionsof nonterminalsof Q > @FAR>SBDC ;K N K � are standardLFG f-annotationsof constraining
equationswith

�
astheonly f-structuremetavariable.

(7) JTVU K W L JO�T � U �K � WH�
where JONXJO�RN U N U � are descriptionsof nonterminals
of Q > @8A�> BDC ; JONPJ � refer to the motherin a local subtree
con�guration, U N U � refer to the samedaughtercate-
gory; T N T � N W N WH� areregular expressionsover nontermi-
nals;

K N K � arestandardf-annotationsasin (6).

Any of the descriptionscan be maximally unspe-
ci�c; (6) can for example be instantiatedby the
OPSPEC constraint( Y OP)=+ Z (DF Y ) (anoperator
mustbethevalueof a discoursefunction,(Bresnan,
2000))with thecategory informationunspeci�ed.

An OT-LFG system [ is thus characterizedby
a basegrammarand a set of constraints,with a
language-speci�crankingrelation

�]\
:^ 
 �RQ > @8A�> BDC N<� �_NX`bac P .

The evaluationfunction Evald+egf h aHi picks the most
harmonicfrom asetof candidates,basedonthecon-
straintsandranking.Thelanguage(setof analyses)6

generatedby anOT systemis de�ned asj � ^ � 
lk �nmpo7NXq_or 
�Q > @FAR>SBDCsPt q > @vu �nm o Nwq o  
 Evalxzy7{ |�}�~ � Gen�H� ���:� �:� � q > @ �P�X�
4 LFG generation

Our decidability proof for generation-basedop-
timization builds on the result of (Kaplan and
Wedekind, 2000) (K&W00) that LFG generation
producescontext-freelanguages.

5Note thatwith GPSG-stylecategory-level featurepercola-
tion it is possibleto referto (�nitely many) nonlocalcon�gura-
tionsat thelocal treelevel.

6The string languageis obtainedby taking the terminal
stringof thec-structurepartof theanalyses.



(8) Given an arbitraryLFG grammar Q anda cycle-freef-
structure q , a cfg Q � can be constructedthat generates
exactly thestringsto which Q assignsthef-structureq .

I will referto theresultingcfg �
�
as

��� E � ��� G .
K&W00 presenta constructive proof, folding all f-
structuralcontributions of lexical entriesand LFG
rules into the c-structuralrewrite rules (which is
possiblesincewe know in advancethe rangeof f-
structuralobjectsthatcaninstantiatethe f-structure
meta-variablesin therules). I illustratethespecial-
izationstepswith grammar(2) andlexicon (3) and
for generationfrom f-structure(5).

Initially, the generalizedformat of right-hand
sides in LFG rules is converted to the standard
context-freenotation(resolvingregularexpressions
by explicit disjunction or recursive rules). F-
structure(5) contains� ve substructures:the root f-
structure,plus the embeddedf-structuresunderthe
pathsSUBJ, COMP, COMP SUBJ, and COMP OBJ.
Any relevant metavariable ( Y , � ) in the grammar
mustendup instantiatedto oneof these.Sofor each
pathfrom the root f-structure,a distinct variableis
introduced:� , subscriptedwith the(abbreviatedand
possiblyempty)featurepath: � � ��� � �	� � �	�
� � �	��� .

Rule augmentationstep1 addsto eachcategory
namea concretef-structureto which the category
corresponds.So for FP, we getFP:� , FP:�
� , FP:��� ,
FP:� �
� , and FP:� ��� . The rules are multiplied out
to cover all combinationsof augmentedcategories
obeying the original f-annotations.7 Step2 addsa
setof instantiatedf-annotationschemestoeachsym-
bol, basedontheinstantiationof metavariablesfrom
step1. Oneinstanceof thelexicon entryMary look
asfollows:

(9) NP:����� : � � � ��� PRED)=`Mary'� ����� NUM)=SG
� 
 Mary

The rules are again multiplied out to cover all
combinationsfor which the set of f-constraints
on the mother is the union of all daughters' f-
constraints,plus theappropriatelyinstantiatedrule-
speci�c annotations. So, for the VP rule based

on thecategories NP:� ��� : � � ����� PRED)=`Mary'� � ��� NUM)=SG
� and

V � : ��� : � � ��� PRED)=`laugh'� ��� TNS)=PAST� � 
 � �
�

, wegettherule

7VP:� � 
 NP:� ��� V � : � � is allowed,while
VP:��� 
 NP:����� V � : ����� is excluded,sincethe

�
=
�

annotation
of V � in theVP rule (2) enforcesthat - � VP� 
 - � V �:� .

VP:� � : ������ �����

� � � SUBJ� 
 � ���� ����� PRED)=`Mary'� � ��� NUM)=SG� ��� PRED)=`laugh'� ��� TNS)=PAST� � 
 � �

�
����������



NP:����� : � � � ��� PRED)=`Mary'� ����� NUM)=SG
� V � : ��� : � � ��� PRED)=`laugh'� � � TNS)=PAST��� 
 ���

�
With thisbottom-upconstructionit is ensuredthat

eachnew categoryROOT: � : � . . .  (correspondingto
the original root symbol)containsa completepos-
siblecollectionof instantiatedf-constraints.To ex-
cludeanalyseswhosef-structureis not

�
(for which

we aregeneratingstrings)a new startsymbolis in-
troduced“above” theoriginal rootsymbol.Only for
thesetsof f-constraintsthathave

�
astheirminimal

model, rulesof the form ROOT
��!

ROOT: � : � . . .  
are introduced(this also excludes inconsistentf-
constraintsets).

With thecfg
��� E � ��� G , standardtechniquesfor

cfg'scanbeapplied,e.g.,if therearein�nitely many
possibleanalysesfor a given f-structure,the small-
estone(s)canbe produced,basedon the pumping
lemma for context-free languages. Grammar(2)
doesindeedproducein�nitely many analysesfor the
input f-structure(5). It overgeneratesin several re-
spects:ThefunctionalprojectionFPcanbestacked
dueto recursionslike the following (with the aug-
mentedFPreoccuringin theF

�
rules):

FP:"$# : ����� ����

% "&# PRED)=`see$ . . . & '% "$# TNS)=PAST% " # SUBJ')(*" #,+% " #-+ PRED)=`Mary'% "$# OBJ')(*"$#,.% " #-. PRED)=`Titanic'" # (*" #
�
��������0/ F1 : "$# : ����� ����

% "$# PRED)=`see$ . . . & '% "&# TNS)=PAST% " # SUBJ'
(*" #-+% " #,+ PRED)=`Mary'% "&# OBJ'�(*"&#-.% " #,. PRED)=`Titanic'" # (*" #
�
��������

F1 : "&# : ����� ����

% "&# PRED)=`see$ . . . & '% "$# TNS)=PAST% " # SUBJ'
(*" #,+% " #-+ PRED)=`Mary'% "$# OBJ')(*"$#,.% " #-. PRED)=`Titanic'" # (*" #
�
�������� / F:"&# : 2 FP:"$# : ����� ����

% "&# PRED)=`see$ . . . & '% "$# TNS)=PAST% " # SUBJ'�(*" #,+% " #-+ PRED)=`Mary'% "$# OBJ')(*"$#,.% " #-. PRED)=`Titanic'" # (*" #
�
��������F:�	� : 3 is oneof theaugmentedcategorieswe get

for thatin (3),so
���

((2),(5))generatesanarbitrary
numberof thats on top of any FP.A similar repeti-
tion effect will arisefor the auxiliary had.8 Other
choicesin generationarisefrom thefreedomof gen-
eratingthesubjectin thespeci�er of VP or FPand
from thepossibilityof (unbounded)topicalizationof
theobject(the �rst disjunctionof theFPrule in (2)

8The F4 entriesdo not contribute any PRED value, which
would excludedoublingdueto theinstantiatedsymbolcharac-
ter of PRED values(cf. K&W00, fn. 2).



containsa functional-uncertainty equation):

(10) a. JohnthoughtthatTitanic,Mary hadseen.
b. Titanic,JohnthoughtthatMary hadseen.

5 LFG generationin OT-LFG

While grammar(2) would be considereddefective
as a classicalLFG grammar, it constitutesa rea-
sonableexampleof acandidategenerationgrammar
( � 2547682:9<; ) in OT. Here, it is the OT constraintsthat
enforcelanguage-speci�crestrictions,so �b2547682:9<; has
to ensurethat all candidatesare generatedin the
�rst place.For instance,expletive elementsasdo in
Whodo youknowwill ariseby passinga recursion
in the cfg constructedduring generation.A candi-
datecontainingsucha vacuouscycle can still be-
comethewinnerof theOT competitionif theFaith-
fulnessconstraintpunishingexpletivesis outranked
by someconstraintfavoring an aspectof the recur-
sivestructure.Sotheharmony is increasedby going
throughthe recursiona certainnumberof times. It
is for thisvery reason,thatWhodoyouknowis pre-
dictedto begrammaticalin English.

So, in OT-LFG it is not suf�cient to apply just
the

���
construction;I useanadditionalstep:prior

to applicationof
���

, theLFG grammar� 2547682:9<; is
convertedto a differentform

� e E � 2+476F259<; G (depend-
ing on the constraintset � ), which is still an LFG
grammarbut hascategory symbolswhich re�ect lo-
cal constraintviolations. Whenthe

� �
construc-

tion is appliedto
� e E � 2547682:9<; G , all “pumping” struc-

turesgeneratedby the cfg
��� E � e E � 2+476F259<; G ��� 2+4 G

can indeedbe ignoredsinceall OT-relevant candi-
datesarealreadycontainedin the �nite setof non-
recursive structures.So, �nally the rankingof the
constraintsis takeninto considerationin orderto de-
terminetheharmony of thecandidatesin this �nite
subset.

6 The conversion � e���� 2+476F259<;��
Preprocessing Like K&W00, I assumean initial
conversionof thec-structurepartof rulesinto stan-
dardcontext-free form, i.e., the right-handsideis a
categorystringratherthanaregularexpression.This
ensuresthatfor agivenlocalsubtree,eachconstraint
(of form (6) or (7)) canbeappliedonly a �nite num-
berof times:if 	 is thearity of thelongestright-hand

sideof a rule, the maximalnumberof local viola-
tions is 	 (sincesomeconstraintsof type (7) canbe
instantiatedto all daughters).

Grammar conversion With thenumberof localvi-
olationsbounded,we canencodeall candidatedis-
tinctionswith respectto constraintviolationsat the
local-subtreelevel with �nite means: The set of
categoriesin the newly constructedLFG grammar� e E � 2+476F259 ; G is the�nite set

(11) 
���
�� � � �D�5� �:��� : thesetof categoriesin � y � Q > @8A�> BDC �k J : ��� � N�� � N��������������� sJ a nonterminalsymbolof Q > @8A�> BDC , 
thesizeof theconstraintset � ,!#" � � "%$

,$
thearity of thelongestrhsin rulesof Q > @8A�> BDC �

The rules in
� e E � 2+476F259 ; G areconstructedin sucha

way thatfor eachrule

X 4 
 X � . . .X &m � m &
in �32+476F259<; and each sequence

�(' �) �*' �),+-+-+ '/.) � ,021 '43) 1 	 , all rulesof theform

X 4 : ��� �4 N�� �4 ������� �4  P
 X � : ��� �� ���*�5� � �  . . .X & : ��� �& ������� �&  ,m �� m �&!#" � �o "%$
areincludedsuchthat

' 3 ) (thenumberof violations
of constraint�

3
incurredlocal to the rule) andthe

f-annotations
� �
� . . .

� �6 arespeci�edasfollows:

(12) for �	� of form (6) 7 J K L J �K ��8 :

a. � �4 
 !
; m �o 
 mpo ( 9 ";:<">=

)
if X 4 doesnotmatchthecondition J ;

b. � �4 
 !
; m �� 
 m �@?BA K ; m �o 
 m o ( C ";:D"%=

)
if X 4 matchesJ ;

c. � �4 
 !
; m �� 
 m � ? K ? K � ; m �o 
 mpo ( C ";:D">=

)
if X 4 matchesboth J and J � ;

d. � �4 
 9 ; m �� 
 m �@? K ; m �o 
 m o ( C ";:D">=
)

if X 4 matchesJ but not J � ;
e. � �4 
 9 ; m �� 
 m � ? K ?EA K � ; m �o 
 mpo ( C "F:�"<= )

if X 4 matchesboth J and JO� ;
(13) for �	� of form (7)

!# JT�U K W L J �T � U �K � W � ), :

a. � �4 
 !
; m �o 
 mpo ( 9 ";:<">=

)
if X 4 doesnotmatchthecondition J ;

b. � �4 
 &G oIH ��J o ; m �o 
LK � mpo N K N K � � ( 9 "M:D">=
),

where



i. J o 
 !
;
K � mpo N K N K � � 
 mpo

if X o doesnot match U , or X � . . .X o � � do not match T ,
or X o � � . . .X & donotmatch W ;

ii. J o 
 !
;
K � mpo N K N K � � 
 mpo ? K ? K �

if X 4 matchesboth J and J � ; X o matchesboth U andU � ; X � . . .X o � � match T and T � ; X o � � . . .X & match W
and W � ;

iii. J o 
 !
;
K � m o N K N K � � 
 m o ?�A K

if X 4 matchesboth J and J � ; X o matchesboth U andU � ; X � . . .X o � � match T and T � ; X o � � . . .X & match W
and W � ;

iv. J o 
 9 ; K � m o N K N K � � 
 m o ? K
if X 4 matchesJ , X o matchesU , X � . . .X o � � match T ,
X o � � . . .X & match W , but (at least)one of them does
not match the respective descriptionin the consequent
( JO��N U � N T � N W � );

v. J o 
 9 ; K � m o N K N K � � 
 m o ? K ?BA K �
if X 4 matchesboth J and JO� ; X o matchesboth U andU � ; X � . . .X o � � match T and T � ; X o � � . . .X & match W
and W � .

Note that the constraintpro�le of the daughter
categories doesnot play any role in the determi-
nation of constraintviolations local to the subtree
underconsideration(only the sequences

' 3 ) arere-
strictedby theconditions(12)and(13)). Sofor each
new ruletype,all combinationsof constraintpro�les
onthedaughtersareconstructed(creatingalargebut
�nite numberof rules).9 This ensuresthat no sen-
tencethatcanbeparsed(or generated)by �b2+476F259<; is
excludedfrom

� e E � 2+476F259 ; G (asstatedby fact(14)):10

(14) Coverage preseveration
All stringsgeneratedby anLFG grammarQ arealsogen-
eratedby � y � Q�� .

Theoriginal � analysiscanberecoveredfrom an� e E � G analysisby applying a projectionfunction
Cat to all c-structurecategories:

Cat
� J : ��� � N�� � ������� �  P� 
 J

for everycategory in 
 ��
�� � � ���:� �:��� (11)
9For onerule/constraintcombinationseveral new rulescan

result;e.g.,if theright-handsideof arule(X 4 ) matchesboththe
antecedent( J ) and the consequent( J � ) category description
of a constraintof form (6), threeclausesapply: (12b), (12c),
and(12d). So,we get two new ruleswith thecountof 0 local
violationsof the constraintandtwo ruleswith count1, with a
differencein thef-annotations.

10Providing all possiblecombinationsof augmentedcategory
symbolson theright-handrule sidesin � y � Q�� ensuresthatthe
newly constructedrulescanbereachedfrom therootsymbolin
a derivation. It is alsoguaranteedthatwhenever a rule

�
in Q

contributesto an analysis,at leastoneof the rulesconstructed
from

�
will contributeto thecorrespondinganalysisin � y � Q�� .

This is ensuredsincethesubclausesin (12) and(13) cover the
full spaceof logicalpossibilities.

WecanoverloadthefunctionnameCat with afunc-
tion applyingto thesetof analysesproducedby an
LFG grammar� by de�ning

Cat
� Q�� 
 k �nm?N8q  s �nm � Nwq  �
 Q , m is derived from m � by

applyingCat to all category symbols� .
Coveragepreservationof the

� e constructionholds
alsofor theprojectedc-categoryskeleton(cf. thear-
gumentationin fn. 10):

(15) C-structure level coverage preservation
For anLFG grammarQ : Cat

� � y � Q��P� 
 Q
Eachcategory in

� e E � G encodesthe numberof
local violations for all constraints. Sinceall con-
straintsarelocally evaluableby assumption,all con-
straintsviolatedby a candidateanalysishave to be
incurred local to some subtree. Hence the total
numberof constraintviolations incurredby a can-
didatecanbecomputedby simplysummingoverall
category-encodedlocalviolationpro�les:

(16) Total numberof constraint violations
Let Nodes

� m � be the multisetof categoriesoccurringin
the c-structuretree m , then the total numberof viola-
tions of constraint� � incurredby an analysis �nm NXq  
� y � Q > @8A�> BDC � is
����� � m � 
 G

�
	 x�� � � 
 � � � � ~���� B������ ��� � � �
De�ne
Totaly � m � 
 � � ��� � m �8N � ��� � m �8N������ � ��� � m �P 

7 Applying ��� on � e��I� 2+476F259 ; �
Since

� e E �32+476F259<; G is a standardLFG grammar, we
can apply the

���
constructionto it to get a cfg

for a given f-structure
� 2+4 . The category symbols

thenhave theform X:
�(' � � +-+-+ �*' . � : � :  , with � and

 arisingfrom the
���

construction.Wecanover-
load the projection function Cat again such that
CatE"! : � : # : $ G&% ! for all augmentedcategory sym-
bol of thenew format;likewiseCatE � G for � acfg.

Since the
� e construction(strongly) preserves

thelanguagegenerated,coveragepreservationholds
alsoaftertheapplicationof

���
to
� e E � 2+476F259 ; G and

� 2547682:9<; , respectively:

(17) Cat
�('*)�� � y � Q > @FAR>SBDC �8NXq > @ �P� 


Cat
�('*)�� Q > @FAR>SBDC Nwq > @ �P�

But sincethesymbolsin
� e E � 2+476F259<; G re�ect local

constraintviolations, CatE ��� E � e E � 2+476F259<; G ��� 254 G<G
hasthepropertythatall instancesof recursionin the



resultingcfg createcandidatesthat are at mostas
harmonicas their non-recursivecounterparts. As-
suminga projectionfunctionCatCountE"! : � : # : $ G�%
! : � , wecanstatemoreformally:
(18) If m � and m � areCatCountprojectionsof treesproduced

by the cfg
'*)�� � y � Q > @FAR>SBDC �8NXq > @ � , using exactly the

samerules,and m � containsa supersetof the nodesthatm � contains,then� � � " � � � , for all � � � N�� � � � � 
 9 � �  �
from ��� �� ���*�5� � � �*����� � �  
 Totaly � m � � ,
and ��� �� ������� � � ������� ��  
 Totaly � m �<� .

This fact follows from de�nition of Total (16): the
violation countsin the additionalnodesin

�
� will

addto thetotal of constraintviolations(andif none
of theadditionalnodescontainsany localconstraint
violation at all, the total will be thesameasin

�
� ).

Intuitively, theeffectof theaugmentationof thecat-
egory format is that certainrecursionsin the pure���

construction(which one may think of as a
loop) are unfolded,leadingto a longer loop. The
new loop is suf�ciently large to make all relevant
distinctions.

Thisresultcanbedirectlyexploitedin processing:
if all non-recursive analysesaregenerated(of which
thereareonly �nitely many) it is guaranteedthat a
subsetof theoptimal candidatesis amongthem. If
thegrammardoesnot containany violation-freere-
cursion,we even know that we have generatedall
optimalcandidates.

(19) A recursionwith the derivation path � L ����� L � is
called violation-free iff all categoriesdominatedby the
upperoccurrenceof � , but not dominatedby the lower
occurrenceof � have the form J u ��� � N�� � ������� �  with� � 
 ! N � 
 9 � �  

Note that if thereis an applicableviolation-freere-
cursion,thesetof optimalcandidatesis in�nite; so
if the constraintset is setup properly in a linguis-
tic analysis,one would assumethat violation-free
recursionshouldnot arise. (Kuhn, 2000)excludes
theapplicationof suchrecursionsby a similar con-
dition as of�ine parsability (which excludesvacu-
ousrecursionsoverastringin parsing),but with the���

construction,this condition is not necessary
for decidabilityof thegeneration-basedoptimization
task.Thecfg producedby

� �
canbetransformed

further to only generatethe optimal candidatesac-
cordingto theconstraintranking

� \
of theOT sys-

tem [ % �
� 2547682:9<; � � � � � \ �<�

, eliminatingall but the
violation-freerecursionsin thegrammar:

(20) Creatinga cfg thatproducesall optimalcandidates
a. De�ne� ���� � � 
]k m 
 '*)�� � y � Q > @8A�> BDC �8Nwq > @ � s m containsno
recursion� .� ���� � � is �nite and can be easily computed,by keeping
trackof therulesalreadyusedin ananalysis.

b. Rede�neEvalxzy7{ |�}g~ to applyon a setof context-free
analyseswith augmentedcategory symbolswith counts
of local constraintviolations:
Evalxzy7{ |�}�~ � � � 
]k m 
 � s m is maximally harmonic
in
�

, underranking ` ac�
Using the functionTotal de�ned in (16), this function is
straightforwardto computefor �nite sets,i.e., in particu-
lar Evalxzy7{ | } ~ � � ���� � � � .
c. Augment the category format further by one index
component.11 Introduceindex � 
 ! for all categoriesin'*)�� � y � Q > @FAR>SBDC �8Nwq > @ � of theform X: ��� � N�������� �  : � : � ,
where � � 
 !

for
� 
 9 � �  . Introducea new uniquein-

dex �	� 9 for eachnodeof theform X: ��� � N�������� �r : � : � ,
where � ��

 ! for some� � � 9 "�� "  � occurringin the
analysesEvalxzy7{ |�}g~ � � ���� � � � (i.e.,differentoccurrencesof
thesamecategory aredistinguished).

d. ConstructthecfgQ�
��� � � 
 � J�
��� � � N m�
��� � � N S 
��� � � N � 
��� � �  ,
where J�
��� � � N m�
��� � � are the indexed symbolsof stepc.;
S 
��� � � is a new startsymbol; the rules

� 
��� � � are(i) those
rules from

'*)�� � y � Q > @FAR>SBDC �8Nwq > @ � which wereusedin
the analysesin Evalxzy7{ | } ~ � � ���� � � � – with the original
symbols replacedby the indexed symbols –, (ii) the
rules in

'*)�� � y � Q > @8A�> BDC �8Nwq > @ � , in which the mother
category and all daughtercategories are of the form
X: ��� � N��*����� �  : � : � , � � 
 !

for
� 
 9 � �  (with the new

index
!

added),and(iii) onerule S 
��� � � 
 So : � for each
of the indexed versionsSo : � of the start symbols of'*)�� � y � Q > @FAR>SBDC �8Nwq > @ � .

With the index introducedin step(20c), the origi-
nal recursionin the cfg is eliminatedin all but the
violation-freecases.The grammarCatE ������ > @ G pro-
duces(the c-structureof) the setof optimal candi-
datesfor theinput

� 2+4 :12

(21) Cat
� Q�
��� � � � 
k m s �nm?N8q > @  
 Evalxzy7{ |�}g~ � Gen� � �D�:� �:� � q > @ �P�X� ,

i.e., thesetof c-structuresfor theoptimal candidatesfor
input f-structure q > @ accordingto the OT system

^ 
�RQ > @FAR>SBDC N � �_Nw` a  P .
11TheprojectionfunctionCat is againoverloadedto alsore-

move theindex on thecategories.
12Like K&W00, I make the assumptionthat the input f-

structurein generationis fully speci�ed (i.e.,all thecandidates
have theform �nm?Nwq > @  ), but theresultcanbeextendedto allow
for theadditionof a �nite amountof f-structureinformationin
generation.Then,thespeci�ed routineis computedseparately
for eachpossiblef-structuralextensionandtheresultsarecom-
paredin theend.



8 Proof

To prove fact (21) we will show that thec-structure
of an arbitrary candidateanalysisgeneratedfrom� 254 with � 2547682:9<; is containedin CatE � ���� > @ G if f all
othercandidatesareequallyor lessharmonic.

Take an arbitrary candidatec-structure
�

gen-
erated from

� 2+4 with � 2547682:9<; such that
� �

CatE � ���� > @ G . We have to show that all othercandi-
dates

� �
generatedfrom

� 254 areequallyor lesshar-
monicthan

�
. Assumetherewerea

� �
that is more

harmonicthan
�

. Then theremust be somecon-
straint �

3 � � , suchthat
� �

violates �
3

fewer times
than

�
does,and �

3
is rankedhigherthanany other

constraintin which
�

and
� �

differ. Constraintshave
to beincurredwithin somelocal subtree;so

�
must

containa local violation con�guration that
� �

does
not contain,and by the construction(12)/(13) the� e -augmentedanalysisof

�
– call it

� e E � G – must
make useof someviolation-marked rulenot usedin� e E � � G . Now therearethreepossibilities:
(i) Both

� e E � G and
� e E � � G are free of recursion.

Thenthefactthat
� e E � � G avoidsthehighest-ranking

constraintviolationexcludes
�

from CatE ������ > @ G (by
constructionstep(20b)). This givesusa contradic-
tion with ourassumption.
(ii)

� e E � G containsa recursionand
� e E � � G is free

of recursion.If therecursionin
� e E � G is violation-

free, then there is an equally harmonicrecursion-
free candidate

� � �
. But this

� � �
is also less har-

monicthan
� e E � � G , suchthatit wouldhavebeenex-

cludedfrom CatE � ���� > @ G too. This againmeansthat� e E � G would alsobe excluded(for lack of the rel-
evant rulesin thenon-recursive part). On theother
hand,if it weretherecursionin

� e E � G thatincurred
the additional violation (as comparedto

� e E � � G ),
thentherewouldbea moreharmonicrecursion-free
candidate

� � � �
. However, this

� � � �
would exclude

thepresenceof
� e E � G in � ���� > @ by constructionstep

(20c,d) (only violation-free recursionis possible).
So we get anothercontradictionto the assumption
that

� � CatE � ���� > @ G .
(iii)

� e E � � G containsa recursion. If this recursion
is violation-free,we canpick theequallyharmonic
candidateavoiding the recursionto be our

� e E � � G ,
andwe arebackto case(i) and(ii). Likewise,if the
recursionin

� e E � � G doesincur someviolation, not
usingtherecursionleadsto anevenmoreharmonic

candidate,for which againcases(i) and(ii) will ap-
ply.
All possiblecaseslead to a contradictionwith the
assumptions,sonocandidateis moreharmonicthan
our

� � CatE � ���� > @ G .
Westill have to prove thatif thec-structure

�
of a

candidateanalysisgeneratedfrom
� 2+4 with �32+476F259<;

is equally or more harmonicthan all other candi-
dates,then it is containedin CatE � ���� > @ G . We can
constructan augmentedversion

� �
of
�

, suchthat
CatE � � G % �

andthenshow that thereis a homo-
morphismmapping

� �
to someanalysis

� � � � � ���� > @
with CatE � � � G % �

.
We canusetheconstraintmarkingconstruction

� e
and the

� �
constructionto constructthe tree

� �
with augmentedcategory symbolsof the analysis�

. The resultof K&W00 plus (17) guaranteethat
CatE � � G % �

. Now, there has to be a homo-
morphismfrom the categories in

� �
to the cate-

goriesof someanalysisin � ���� > @ . � ���� > @ is alsobased
on

��� E � 2547682:9<; ��� 2+4 G (with an additional index �
on eachcategory andsomecategoriesandrulesof��� E � 2+476F259<; ��� 254 G having no counterpartin � ���� > @ ).
Sincewe know that

�
is equallyor moreharmonic

than any other candidategeneratedfrom
� 2+4 , we

know that theaugmentedtree
� �

eithercontainsno
recursionor only violation-freerecursion.If it does
contain suchviolation-free recursionswe map all
categories � on the recursionpathsto the indexed
form � :

0
, and furthermoreconsiderthe variantof� �

avoidingtherecursion(s).Forour(non-recursive)
tree, thereis guaranteedto be a counterpartin the
�nite setof non-recursive treesin ������ > @ with all cat-
egoriespairwiseidenticalapartfrom the index � in
� ���� > @ . We pick this treeandmapeachof the cate-
goriesin

� �
to the � -indexedcounterpart.Theexis-

tenceof thishomomorphismguaranteesthatananal-
ysis

� � � � � ���� > @ existswith CatE � � � G % CatE � � G %�
. QED

9 Conclusion

We showed that for OT-LFG systemsin which all
constraintscanbeexpressedrelative to a local sub-
tree in c-structure,the generationtask from (non-
cyclic13) f-structuresis solvable. The in�nity of

13The non-cyclicity conditionis inheritedfrom K&W00; in
linguisticallymotivatedapplicationsof theLFGformalism,cru-



the conceptuallyunderlyingcandidatesetdoesnot
precludea computationalapproach. It is obvious
that theconstructionproposedherehasthepurpose
of bringing out the principledcomputability, rather
than suggestinga particular algorithm for imple-
mentation.However on this basis,an implementa-
tion canbeeasilydevised.

The locality condition on constraint-checking
seemsunproblematicfor linguistically relevantcon-
straints,sincea GPSG-styleslashmechanismper-
mits referenceto (�nitely many) nonlocalcon�gu-
rationsfrom any givencategory (cf. fn. 5).14

Decidability of generation-basedoptimization
(from a given input f-structure)alonedoesnot im-
ply thattherecognitionandparsingtasksfor anOT
grammarsystemde�ned asin sec.3 aredecidable:
for thesetasks,a string is given and it has to be
shown thatthestringis optimalfor someunderlying
input f-structure(cf. (Johnson,1998)). However, a
similar constructionas the one presentedherecan
bedevisedfor parsing-basedoptimization(evenfor
anLFG-stylegrammarthatdoesnotobey theof�ine
parsabilitycondition).So,if thelanguagegenerated
by an OT systemis de�ned basedon (strong)bidi-
rectionaloptimality (Kuhn,2001,ch. 5), decidabil-
ity of boththegeneralparsingandgenerationprob-
lem follows.15 For the unidirectionallyde�ned OT
language(as in sec.3), decidabilityof parsingcan
beguaranteedundertheassumptionof a contextual
recoverability conditionin parsing(Kuhn,in prepa-
ration).
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