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We introduce finite-state registered automata (FSRAs), a new computational device within the
framework of finite-state technology, specifically tailored for implementing non-concatenative
morphological processes. This model extends and augments existing finite-state technigues,
which are presently not optimized for describing this kind of phenomena. We first define the
model and discuss its mathematical and computational properties. Then, we provide an extended
regular language whose expressions denote FSRAs. Finally, we exemplify the utility of the model
by providing several examples of complex morphological and phonological phenomena, which are
elegantly implemented with FSRAs.

1. Introduction

Finite-state (FS) technology has been considered adequate for describing the morpho-
logical processes of the world’s languages since the pioneering works of Koskenniemi
(1983) and Kaplan and Kay (1994). Several toolboxes provide extended regular expres-
sion description languages and compilers of the expressions to finite-state automata
(FSAs) and transducers (FSTs) (Karttunen et al. 1996; Mohri 1996; van Noord and
Gerdemann 2001a). While FS approaches to most natural languages have generally been
very successful, it is widely recognized that they are less suitable for non-concatenative
phenomena; in particular, FS techniques are assumed not to be able to efficiently account
for the non-concatenative word formation processes that Semitic languages exhibit
(Lavie et al. 1988).

While much of the inflectional morphology of Semitic languages can be rather
straightforwardly described using concatenation as the primary operation, the main
word formation process in such languages is inherently non-concatenative. The stan-
dard account describes words in Semitic languages as combinations of two morphemes:
a root and a pattern.! The root consists of consonants only, by default three (although
longer roots are known). The pattern is a combination of vowels and, possibly, con-
sonants too, with “slots” into which the root consonants can be inserted. Words are
created by interdigitating roots into patterns: The first consonant of the root is inserted
into the first consonantal slot of the pattern, the second root consonant fills the second
slot, and the third fills the last slot. After the root combines with the pattern, some
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Figure 1
Naive FSA with duplicated paths.

morpho-phonological alternations take place, which may be non-trivial but are mostly
concatenative.

The major problem that we tackle in this work is medium-distance dependencies,
whereby some elements that are related to each other in some deep-level representation
(e.g., the consonants of the root) are separated on the surface. While these phenomena
do not lie outside the descriptive power of FS systems, naively implementing them in
existing finite-state calculi is either impossible or, at best, results in large networks that
are inefficient to process, as the following examples demonstrate.

Example 1

We begin with a simplified problem, namely accounting for circumfixes. Consider three
Hebrew patterns: hal1lJalla, hitJallallut, and milJJal], where the empty boxes indi-
cate the slots in the patterns into which the consonants of the roots are inserted. Hebrew
orthography? dictates that these patterns be written hOJOOa, htJ00ut, and mOO0, re-
spectively, i.e., the consonants are inserted into the ‘[0’ slots as one unit (i.e., the patterns
can be viewed as circumfixes). An automaton that accepts all the possible combinations
of three-consonant stems and these three circumfixes is illustrated in Figure 1.3 Given r
stems and p circumfixes, the number of its states is (2 + 2)p + 2, i.e., increases linearly
with the number of stems and circumfixes. The number of arcs in this automaton is
3rp + 2p, i.e, also O(rp). Evidently, the three basic different paths that result from the
three circumfixes have the same body, which encodes the stems. An attempt to avoid
the duplication of paths is represented by the automaton of Figure 2, which accepts the
language denoted by the regular expression (it 4 h + m)(root)(ut + a + €). The number
of states here is 2r + 4, i.e., is independent of the number of circumfixes. The number
of arcs is (3r + 2p), that is, O(r + p), and thus, the complexity of the number of arcs is
also reduced. Obviously, however, such an automaton over-generates by accepting also
invalid words such as mOOOut. In other words, it ignores the dependencies which hold
between prefixes and suffixes of the same circumfix. Since finite-state devices have no

2 Many of the vowels are not explicitly depicted in the Hebrew script.
3 This is an over-simplified example; in practice, the process of combining roots with patterns is highly
idiosyncratic, like other derivational morphological processes.
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Figure 2
Over-generating FSA.

memory, save for the states, there is no simple and space-efficient way to account for
such dependencies.

Example 2

Consider now a representation of Hebrew where all vowels are explicit, e.g., the pattern
hitJalle[. Consider also the roots r.g.z, b.$.1, and g.b.r. The consonants of a given root
are inserted into the ‘0’ slots to obtain bases such as hitragez, hitba$el, and hitgaber. The
finite state automaton of Figure 3 is the minimized automaton accepting the language;
it has fifteen states. If the number of three letter roots is 7, then a general automaton
accepting the combinations of the roots with this pattern will have 4r + 3 states and 57 +
1 arcs. Notice the duplicated arcs which stem from copying the pattern in the different
paths.

Example 3

Another non-concatenative process is reduplication: The process in which a morpheme
or part of it is duplicated. Full reduplication is used as a pluralization process in Malay
and Indonesian; partial reduplication is found in Chamorro to indicate intensivity. It
can also be found in Hebrew as a diminutive formation of nouns and adjectives:

keleb klablab $apan $panpan zaqan zqangan $axor $xarxar
dog  puppy rabbit bunny beard goatee black dark

qatan qtantan
little  tiny

Let ¥ be a finite alphabet. The language L = {ww | w € ¥*} is known to be
trans-regular, therefore no finite-state automaton accepts it. However, the language
L, = {ww | w € £*% |w| =n} for some constant n is regular. Recognizing L, is a finite
approximation of the general problem of recognizing L. The length of the words in
natural languages can in most cases be bounded by some n € N, hence the amount
of reduplication in natural languages is practically limited. Therefore, the descriptive
power of L, is sufficient for the amount of reduplication in natural languages (by

Figure 3
FSA for the pattern hitClaCled.
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constructing L, for a small number of different ns). An automaton that accepts L, can
be constructed by listing a path for each accepted string (since X and 7 are finite, the
number of words in L, is finite). The main drawback of such an automaton is the
growth in its size as |X| and # increase: The number of strings in L,, is |X|". Thus, finite-
state techniques can account for limited reduplication, but the resulting networks are
space-inefficient.

As a final, non-linguistic, motivating example, consider the problem of n-bit incre-
mentation, introduced by Kornai (1996).

Example 4

The goal of this example is to construct a transducer over ¥ = {0,1} whose input is a
32 bit binary number and whose output is the result of adding 1 to the input. A
transducer that performs addition by 1 on binary numbers has only 5 states and 12 arcs,*
but this transducer is neither sequential nor sequentiable. The problem is that since the
input is scanned left to right but the carry moves right to left, the output of the first bit
has to be delayed, possibly even until the last input bit is scanned. Thus, for an n-bit
binary incrementor, 2" disjunctions have to be considered, and therefore a minimized
transducer has to assign a separate state to each combination of bits, resulting in 2"
states and a similar number of transitions.

In this work we propose a novel FS model which facilitates the expression of
medium-distance dependencies such as interdigitation and reduplication in an efficient
way. Our main motivation is theoretical, i.e., reducing the complexity of the number
of states and arcs in the networks; we show that these theoretical contributions result
in practical improvements. In Section 3 we define the model formally, show that it is
equivalent to FSAs and define many closure properties directly.” We then (Section 4)
define a regular expression language for denoting FSRAs. In Section 5 we provide dedi-
cated regular expression operators for some non-concatenative phenomena and exem-
plify the usefulness of the model by efficiently accounting for the motivating examples.
In Section 6 we extend FSRAs to transducers. The model is evaluated through an actual
implementation in Section 7. We conclude with suggestions for future research.

2. Related Work

In spite of the common view that FS technology is in general inadequate for describing
non-concatenative processes, several works address the above-mentioned problems in
various ways. We summarize existing approaches in this section.

Several works examine the applicability of traditional two-level systems for imple-
menting non-concatenative morphology. Two-Level Morphology was used by Kataja
and Koskenniemi (1988) to create a rule system for phonological and morphophonolog-
ical alternations in Akkadian, accounting for word inflection and regular verbal deriva-
tion. As this solution effectively defines lexical representations of word-forms, its main
disadvantage is that the final network is the naive one, suffering from the space com-
plexity problems discussed above. Lavie et al. (1988) examine the applicability of Two-

4 A complete explanation of the construction can be found in http:// www.xrce.xerox.com/competencies/
content-analysis/fsCompiler/fsexamples.html#Add1.

5 Many of the formal proofs and constructions, especially the ones that are similar to the case of standard
FSAs, are suppressed; see Cohen-Sygal (2004) for the complete proofs and constructions.
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Level Morphology to the description of Hebrew Morphology, and in particular to verb
inflection. Their lexicon consists of three parts: verb primary bases (the past tense, third
person, singular, masculine), verb prefixes, and verb suffixes. They attempt to describe
Hebrew verb inflection as a concatenation of prefix+base+suffix, implementable by the
Two-Level model. However, they conclude that “The Two-Level rules are not the natural
way to describe ... verb inflection process. The only alternative choice . .. is to keep all
bases . .. it seems wasteful to save all the secondary bases of verbs of the same pattern.”

Other works deal with non-concatenative morphology by extending ordinary FSAs
without extending their expressivity. The traditional two-level model of Koskenniemi
(1983) is expanded into n-tape automata by Kiraz (2000), following the insight of Kay
(1987) and Kataja and Koskenniemi (1988). The idea is to use more than two levels of
expression: The surface level employs one representation, but the lexical form employs
multiple representations (e.g., root, pattern) and therefore can be divided into different
levels, one for each representation. Elements that are separated on the surface (such as
the root’s consonants) are adjacent on a particular lexical level. For example, to describe
circumfixation using this model, a 4-tape automaton of the form (surface, PR pattern,
circumfix, stem) is constructed, so that each word is represented by 4 levels. The surface
level represents the final form of the word. The PR pattern is the pattern in which
the stem and the circumfix are combined (P represents the circumfix’s position and
R the root letter’s position), e.g., PRRRP. The circumfix and stem levels represent the
circumfix and the stem respectively.

For example, combining the Hebrew stem pqd with the circumfix ht-ut will have
the 4-level representation shown in Figure 4. Notice that the symbols representing the
circumfix in the PR pattern level (i.e., the occurrences of the symbol ‘P’), the circumfix
symbols in the circumfix level, and the circumfix symbols in the surface level are located
in correlating places in the different levels. The same holds for the stem symbols. In
this way;, it is clear which symbols of the surface word belong to the circumfix, which
belong to the stem, and how they combine together to create the final form of the word.
The 4-tape automaton of Figure 5 accepts all the combinations created by circumfixing
roots with the three circumfixes of Example 1. Each arc is attributed with a quadruplet,
consisting of four correlating symbols in the four levels. Notice that as in FSAs, the paths
encoding the roots are duplicated for each circumfix, so that this automaton is as space-
inefficient as ordinary FSAs. Kiraz (2000) does not discuss the space complexity of this
model, but the number of states still seems to increase with the number of roots and
patterns. Moreover, the n-tape model requires specification of dependencies between
symbols in different levels, which may be non-trivial.

Walther (2000a) suggests a solution for describing natural language reduplication
using finite-state methods. The idea is to enrich finite-state automata with three new
operations: repeat, skip, and self loops. Repeat arcs allow moving backwards within a
string and thus repeat a part of it (to model reduplication). Skip arcs allow moving
forwards in a string while suppressing the spell out of some of its letters; self loop arcs
model infixation. In Walther (2000b), the above technique is used to describe Temiar

Stem e |lplq|d]e

Circumfix [[ht | e [ e | ¢ [ut

PRpattern | P |[ R |R|R | P

Surface ht [p|q|d|ut
Figure 4

4-tape representation for the Hebrew word htpqdut.
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4-tape automaton for circumfixation example.

reduplication, but no complexity analysis of the model is given. Moreover, this tech-
nique does not seem to be able to describe interdigitation.

Beesley and Karttunen (2000) describe a technique, called compile-replace, for
constructing FSTs, which involves reapplying the regular-expression compiler to its
own output. The compile-replace algorithm facilitates a compact definition of non-
concatenative morphological processes, but since such expressions compile to the naive
networks, no space is saved. Furthermore, this is a compile-time mechanism rather than
a theoretical and mathematically founded solution.

Other works extend the FS model by enabling some sort of context-sensitivity. Blank
(1985, 1989) presents a model, called Register Vector Grammar, introducing context-
sensitivity by representing the states and transitions of finite-state automata as ternary-
valued vectors, which need not be fully specified. No formal properties of this model are
discussed. In a similar vein, Kornai (1996) introduces vectorized finite-state automata,
where both the states and the transitions are represented by vectors of elements of
a partially ordered set. The vectors are manipulated by operations of unification and
overwriting. The vectors need not be fully determined, as some of the elements can
be unknown (free). In this way information can be moved through the transitions by
the overwriting operation and traversing these transitions can be sanctioned through
the unification operation. As one of the examples of the advantages of this model,
Kornai (1996) shows it can efficiently solve the problem of 32-bit binary incrementor
(Example 4). Using vectorized finite-state automata, a 32-bit incrementor is constructed
where first, using overwriting, the input is scanned and stored in the vectors, and
then, using unification, the result is calculated where the carry can be computed from
right to left. We return to this example in example 6, where we show how our own
model can solve it efficiently. The formalism presented by Kornai (1996) allows a
significant reduction in the network size, but its main disadvantage lies in the fact
that it significantly deviates from the standard methodology of developing finite-state
devices, and integration of vectorized automata with standard ones remains a challenge.
Moreover, it is unclear how, for a given problem, the corresponding network should be
constructed: Programming with vectorized automata seems to be unnatural, and no
regular expression language is provided for them.

A more general approach to the design of finite-state machines is introduced by
Mohri, Pereira, and Riley (2000). They introduce an object-oriented library for manipu-
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lating finite-state devices that is based on the algebraic concepts of rational power series
and semirings. This approach facilitates a high degree of generality as the algorithms
are defined for the general algebraic notions, which can then be specialized according
to the needs of the user. They exemplify the usefulness of this library by showing how to
specialize it for the manipulation of weighted automata and transducers. Our work can
be seen as another specialization of this general approach, tailored for ideally dealing
with our motivating examples.

Several works introduce the notion of registers, whether for solving similar prob-
lems or motivated by different considerations. Krauwer and des Tombe (1981) refer
to transducers with a finite number of registers when comparing transducers and
context free grammars with respect to their capabilities to describe languages. They
sketch a proof showing that such transducers are equivalent to ordinary finite-state
transducers. However, they never formally define the model and do not discuss its
ability to efficiently implement non-concatenative natural languages phenomena. More-
over, they do not show how the closure properties can be implemented directly on
these registered transducers, and do not provide any regular language denoting such
transducers.

Motivated by different considerations, Kaminski and Francez (1994) present a com-
putational model which extends finite state automata to the case of infinite alphabets.
This model is limited to recognizing only regular languages over infinite alphabets
while maintaining closure under Kleene star and boolean operations, with the excep-
tion of closure under complementation. The familiar automaton is augmented with
registers, used to store alphabet symbols, whose number is fixed for each automa-
ton and can vary from one automaton to another. The model is designed to deal
with infinite alphabets, and therefore it cannot distinguish between different symbols;
it can identify different patterns but cannot distinguish between different symbols
in the pattern as is often needed in natural languages. Our solution is reminiscent
of Kaminski and Francez (1994) in the sense that it augments finite-state automata
with finite memory (registers) in a restricted way, but we avoid the above-mentioned
problem. In addition, our model supports a register alphabet that differs from the
language alphabet, allowing the information stored in the registers to be more mean-
ingful. Moreover, our transition relation is a more simplified extension of the stan-
dard one in FSAs, rendering our model a conservative extension of standard FSAs
and allowing simple integration of existing networks with networks based on our
model.

Finally, Beesley (1998) directly addresses medium-distance dependencies between
separated morphemes in words. He proposes a method, called flag diacritics, which adds
features to symbols in regular expressions to enforce dependencies between separated
parts of a string. The dependencies are forced by different kinds of unification actions.
In this way, a small amount of finite memory is added, keeping the total size of the
network relatively small. Unfortunately, this method is not formally defined, nor are
its mathematical and computational properties proved. Furthermore, flag diacritics are
manipulated at the level of the extended regular expressions, although it is clear that
they are compiled into additional memory and operators in the networks themselves.
The presentations of Beesley (1998) and Beesley and Karttunen (2003) do not explicate
the implementation of such operators and do not provide an analysis of their com-
plexity. Our approach is similar in spirit, but we provide a complete mathematical and
computational analysis of such extended networks, including a proof that the model
is indeed regular and constructions of the main closure properties. We also provide
dedicated regular expression operations for non-concatenative processes and show
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how they are compiled into extended networks, thereby accounting for the motivating
examples.

3. Finite-state Registered Automata

We define a new model, finite-state registered automata (FSRA), aimed at facilitating
the expression of various non-concatenative morphological phenomena in an efficient
way. The model augments finite-state automata with finite memory (registers) in a
restricted way that saves space but does not add expressivity. The number of registers
is finite, usually small, and eliminates the need to duplicate paths as it enables the
automaton to “remember” a finite number of symbols. In addition to being associated
with an alphabet symbol, each arc is also associated with an action on the registers.
There are two kinds of actions, read and write. The read action, denoted R, allows
traversing an arc only if a designated register contains a specific symbol. The write
action, denoted W, allows traversing an arc while writing a specific symbol into a
designated register. In this section we define FSRAs and show that they are equivalent
to standard FSAs (Section 3.1). We then directly define several closure operations over
FSRAs (Section 3.2) and provide some optimizations in Section 3.3. We conclude this
section with a discussion of minimization (Section 3.4).

3.1 Definitions and Examples

Definition
A finite-state registered automaton (FSRA) is a tuple A = (Q, 9o, X, T, n, 5, F), where:
e  (Qis a finite set of states.
* gy € Qis the initial state.
e Y is a finite alphabet (the language alphabet).
* 1 € N (indicating the number of registers).

e ['isa finite alphabet including the symbol ‘#’ (the registers alphabet).
We use meta-variables u;, v; to range over I' and u, v to range over I

. The initial content of the registers is #, meaning that the initial value
of all the registers is ‘empty’.

e HSCOxXU{e}x{R W} x{0,1,2,...,n—1} x T x Qis the transition
relation. The intuitive meaning of ¢ is as follows:

- (s,0,R,i,7v,t) € d where i > 0 implies that if A is in state s, the input
symbol is 0, and the content of the i-th register is v, then A may
enter state f.

- (s,0,W,i,7v,t) € 6 where i > 0 implies that if A is in state s and the
input symbol is o, then the content of the i-th register is changed
into y (overwriting whatever was there before) and A may enter
state t.

- (s,0,R,0,#,t) implies that if A is in state s and the input symbol is o,
then A may enter state t. Notice that the content of register number 0
is always #. We use the shorthand notation (s, o, t) for such transitions.

e [ C Qis the set of final states.
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Definition

A configuration of A is a pair (g,u), where 4 € Q and u € I'" (g is the current state
and u represents the registers content). The set of all configurations of A is denoted by
Q°¢. The pair g5 = (g0, #") is called the initial configuration, and configurations with the
first component in F are called final configurations. The set of final configurations is
denoted by F-.

Definition

Let u = uguy ... u, 1 and v =vyv;...7,_1. Given a symbol « € ¥ U {e} and an FSRA
A, we say that a configuration (s, u) produces a configuration (t,v), denoted (s, u) - 4
(t,v), iff either one of the following holds:

° There exists i, 0 < i < n — 1, and there exists y € I, such that (s, &, R,i,v,t) €
dandu =vand u; =v; =y, or

. There exists i, 0 < i < n — 1, and there exists y € I, such that (s, &, W,i,y,t) €
dand forallk, k € {0,1,...,n — 1}, such thatk # i, uy = vy and v; =y

Informally, a configuration c¢; produces a configuration c, iff the automaton can
move from c; to c; when scanning the input o« (or without any input, when o = €) in one
step. If the register operation is R, then the contents of the registers in the two configura-
tions must be equal, and in particular the contents of the designated register in the two
configurations should be the expected symbol (v). If the register operation is W, then the
contents of the registers in the two configurations is equal except for the designated reg-
ister, whose contents in the produced configuration should be the expected symbol (v).

Definition

A run of A on w is a sequence of configurations c, ..., ¢, such that ¢y = g3, ¢, € F*, and
forevery k, 1 <k <r, cx_q l—%A ¢ and w = «;...«,. An FSRA A accepts a word w if
there exists a run of A on w. Notice that |w| may be less than r since some of the «; may
be €. The language recognized by an FSRA A, denoted by L(A), is the set of words over
¥* accepted by A.

Example 5

Consider again example 1. We construct an efficient FSRA accepting all and only the
possible combinations of stems and circumfixes. If the number of stems is r, we define
an FSRA A = (Q,90,%,T,2,9, {qf}> where:

e Q=1{q091-- -/q2r+2/%"}
e X={ab,c,..., zhtut}
o T = {WO0OOut, hOODs, mOO0, #}

. & = {(q0, ht, W, 1, 0O00ut, q1), (9o, 1, W, 1, h000a, g1)
{(go, m, W, 1,m000, q1), (q;JrJrz, ut, R, 1, htOO0ut, qf)}
{(q2r+2,4,R, 1, h000a, qr), Eq%_ﬂ, e, R, 1,mO0O0O, qf)}
{(q1, x1,9:), @i, 02, 9i1), (Gis1, &3, G2r42) | 2 < i < 2rand
o 0p 3 is the i-th stem}.
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This automaton is shown in Figure 6. The number of its states is 2r + 4 (like the FSA
of Figure 2), that is, O(r), and in particular independent of the number of circumfixes.
The number of arcs is also reduced from O(r x p), where p indicates the number of
circumfixes, to O(r + p).

Example 6

Consider again example 2. The FSRA of Figure 7 also accepts the same language. This
automaton has seven states and will have seven states for any number of roots. The
number of arcs is also reduced to 3r + 3.

Next, we show that finite-state registered automata and standard finite state au-
tomata recognize the same class of languages. Trivially, every finite-state automaton
has an equivalent FSRA: Every FSA is also an FSRA since every transition (s, o, f) in an
FSRA is a shorthand notation for (s, o, R, 0, #, t). The other direction is also simple.

Theorem 1
Every FSRA has an equivalent finite-state automaton.

We prove this by constructing an equivalent FSA to a given FSRA. The construction is
based on the fact that in FSRAs the number of registers is finite, as are the sets I' and
Q, the register alphabet and states, respectively. Hence the number of configurations is
finite. The FSA's states are the configurations of the FSRA, and the transition function
simulates the “produces’ relation. Notice that this relation holds between configurations
depending on ¥ only, similarly to the transition function in an FSA. The constructed
FSA is non-deterministic, with possible e-moves. The formal proof is suppressed.

The number of configurations in A is |Q| x |I'|", hence the growth in the number of
states when constructing A’ from A might be in the worst case exponential in the num-
ber of registers. In other words, the move from FSAs to FSRAs can yield an exponential
reduction in the size of the network. As we show below, the reduction in the number of
states can be even more dramatic.

The FSRA model defined above allows only one register operation on each tran-
sition. We extend it to allow up to k register operations on each transition, where k
is determined for each automaton separately. The register operations are defined as a
sequence (rather than a set), in order to allow more than one operation on the same

a, R, 1, hO0ODa
h, W, 1, hO00a

ht, W, 1, htOO0ut ut, R, 1, htOO0ut
—@—@— ()

0 1

initialization

Figure 6
FSRA for circumfixation.
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Figure 7

FSRA for the pattern hitCaCe[.

register over one transition. This extension allows further reduction of the network size
for some automata as well as other advantages that will be discussed presently.

Definition
An order-k finite-state registered automaton (FSRA-k) is a tuple A = (Q,q0, %, T, n,
k, 8, F), where:

. Q, 90, %, ', n, F and the initial content of the registers are as before.

* k& N (indicating the maximum number of register operations allowed
on each arc).

e LetActions] = {R,W} x {0,1,2,...,n—1} x I. Then

k
5CQxSu{e}x || J{(ar,..,a) |foralli, 1 <i<j a; € Actions] } | x Q
j=1

is the transition relation. & is extended to allow each transition to be
associated with a series of up to k operations on the registers. Each
operation has the same meaning as before.

The register operations are executed in the order in which they are specified. Thus,
(s,0,(ay,...,a;), t) € d where i < kimplies that if A is in state s, the input symbol is o and
all the register operations 4y, ..., 4; are executed successfully, then A may enter state ¢.

Definition
Givena € Actionsg we define a relation over I'", denoted u I, v for u,v € I'". We define
ul-, vwhere u = uy...u,_1 and v = vy . ..v,_1 iff the following holds:
. ifa=(R,i,y) forsomei, 0 <i<n-—1andforsomey €I, thenu=1v
and u; = v; =vy.
e ifa=(W,i,v)forsomei, 0 <i<n—1and forsomey € I, then for all
ke {0,1,...,n—1} such thatk # i, uy = vy and v; =y.

This relation is extended to series over Actions.. Given a series (a;, ) € (Actionsl)?
where p € N, we define a relation over I'" denoted u Fay,...a,) © for u,v € I'"". We
define u |'_<a1,...,ap) v iff the following holds:

e ifp=1,thenul-, v.

e ifp > 1, then there exists w € I'"" such that u I, wand w I, .y v.
1 < YARRRV. }7>
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Definition

Letu,v € I'". Given a symbol « € £ U {e} and an FSRA-k A, we say that a configuration
(s,u) produces a configuration (¢, v), denoted (s, u) o 4 (t,v), iff there exist (ay, ..., a,) €
(Actionsl )P for some p € N such that (s, «, (a1, .. .,ap),t) € dand u a0, 0

Definition

A run of A on w is a sequence of configurations cy, ..., ¢, such that cy = g, ¢, € F°, and for
every [, 1 <I<r,¢_1bFq,acand w= ... An FSRA-k A accepts a word w if there
exists a run of A on w. The language recognized by an FSRA-k A, denoted by L(A), is
the set of words over X* accepted by A.

Example 7

Consider the Arabic nouns gamar (moon), kitaab (book), $ams (sun), and daftar (note-
book). The definite article in Arabic is the prefix al, which is realized as al when pre-
ceding most consonants; however, the ‘1" of the prefix assimilates to the first consonant
of the noun when the latter is ‘d’, ‘$’, etc. Furthermore, Arabic distinguishes between
definite and indefinite case markers. For example, nominative case is realized as the
suffix u on definite nouns, un on indefinite nouns. Examples of the different forms of
Arabic nouns are:

word  nominative definite nominative indefinite

gamar ‘algamaru gamarun
kitaab ‘alkitaabu kitaabun
$ams ‘a$$amsu $amsun

daftar ‘addaftaru daftarun

The FSRA-2 of Figure 8 accepts all the nominative definite and indefinite forms of
the above nouns. In order to account for the assimilation, register 2 stores information
about the actual form of the definite article. Furthermore, to ensure that definite nouns
occur with the correct case ending, register 1 stores information of whether or not a
definite article was seen.

k. ((R,2,0))

125000 i t a a
e, (W, 1, indef)) *(dindel) 0—0—0—0—0

a,((R.2,0))
al, (W, 1,def), (W, 2,1)) 4,((R.1,indef)) a m a

o @) O0—0—0—0
\/ $.((R.2.$))

$,((R,1,indef)) r
a8, (W, 1, def). (W, 2,5))

b

un, ((R, 1, indef))
a _m s ¥Y_—" =

AP — 00— 0—O0

d.((R.1,indef)) x,((]?, 1,def))
r
f a

a ' t
O—0—0—0—0

®
‘ad, (W, 1, def), (W, 2, d))

Figure 8
FSRA-2 for Arabic nominative definite and indefinite nouns.
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